It will be shown (1) that the Dirac equation of electron firs exactly in the pattern of theory required by the method of double inferential state-vector (hereinafter referred to as DIV-method) which was introduced to establish a perfect symmetty in timell and (2) that application of the DIVmethod to fields leads to a third quantization similar to the formalism proposed by Tanikawa2l, This paper is intended to shed a further light on the relationship between the electric charge and the two directions of time, and to suggest a consistent method of handling negative energy fields.
§ I. Introduction
In classical mechanics, we deal, at different stages of theory, with a single particle, an ensemble of particles and then a Gibbs ensemble, or an ensemble of ensembles of particles. If we pass from the quantum mechanics of a single particle to that of an ensemble of particles by a procedure called second quantization, it may not be an idle suggestion to construct a quantum mechanics of an ensemble of ensembles by a third quantization or a superquantization.
There should not be any justifiable objection to the proposition that the classical concept of Gibbs ensemble may have two quantum-mechanical counterparts, one in the density matrix and the other in the superquantized ensembles, offering probably two different viewpoints in statistical handling of empirical data. One of the objections to a superquantization may be that one cannot actually prepare an ensemble of ensembles at hand. However, the same objection can obviously be directed to the classical Gibbs enEemble. This actual unrealizability of a Gibbs ensemble really does not impair the usefulness of this concept. Since it is unconceivable, or at least useless, to allow two identical ensembles (occupying the same space-time region) to coexist, it seems more natural to follow the pattern of Fermi-Dirac statistics in the process of superquantization.
These considerations may add an argument in favor of Tanikawa's idea of superquantization of quantized fields/l which he introduced to cope with the negative energy fields, in particular, in connectio? ··ith Gupta-Bleuler's treatment of scalar and longitudinal photons 3 > and with Pauli-Villars's regulators. 4 l The present paper is intended to show, in addition to the above considerations, that an entirely different line of thought pertaining to a purely formal treatment of time-symmetry leads also to a formalism funclamentally equivalent to Tanikawa's theory.
The method of double inferential state-vector (hereinafter referred to as DIV-method) was introduced by the autho~l in order (a) to linearize the operation of time-reversal, (b) to make the double time-reversal an identity transformation and (c) to treat "prediction" and "retrodiction" on the same footing.
This DIV-method can be applied -either to single-particle quantum mechanics or to field quantum mechanics. It will first be demonstrated that in the former application the DIV-method perfectly agrees with the Dirac equation of the electron. More specifically, the relation of the Dirac equation to the two-component theory of spinning electron turns out to be exactly the relation of the DIV-formalism to the ordinary quantum mechanics. This analysis will offer a new point of view in interpreting the structure of Dirac's four-component spinor theory.
The positron theory that solved the problems pertaining to the negative energy states in the Dirac theory then serves as the model to reinterpret the DIV-method in which also negative energy states appear. This reinterpreted DIV-method, when applied to the quantized fields, turns out to be essentially equivalent to the Tanikawa formulation.
In other words, the relation of the ordinary field quantum theory to the superquantized field theory is precisely the relation of the two-component spin theory to the Dirac theory.
The DIV-method involves a doubling of state-vectors corresponding to the two directions of time. As a result, there appears a new degree of freedom, which in the case of single particle quantum mechanics is nothing but the electric charge.
In the case of quantized fields, this new degree of freedom may be called " supercharge." Just in the same way as Dirac's positron theory could give a physical meaning to the negative energy levels in terms of opposite electric charge, the DIV-method provides a way to make negative energy fields physically meaningful by the use of opposite supercharge. It is, however, intentionally refrained in the present paper from elaborating this idea into a fixed formalism with detailed prescriptions, since there seem to be various possible ways to implement this programme, of which Tanikawa's formulation is certainly one.
Although it will not be emphasized in the following, the reader will also perceive all through this paper a close connection between the DIV-method and the indefinite metric method. § 2. The DIV ·method 
It is obvious that for a closed system U ( t 2 , t1) is really a function only of the differencr.
t2-tl.
It follows from eqs. (2 ·1) and (2 · 3) that ¢ 2 (t) develops with time according to
for Pn of the hamiltonian is + 1. K (t) and V(t2, t1) are respectively the hamiltonian and the transition matrix for ¢ 2 ( t) .
As a simple consequence of the properties of the transition matrix :
the following theorem in the ¢,-representation, i.e., in the ordinary theory, was proven in a previous paper/l Theorem: The predictive probability that a system found in state ~ will be found -r seconds later in state '1) can be calculated, in ¢ crepresentation, either by
It was pointed out that considering in the second expression eq. (2 · 10) '1) as a given state and ~ as a state to be arbitrarily chosen, the expression (2 · 10) suits better an alternative interpretation, viz., P2 in eq. (2 ·10) can be considered as representing the "retrodictive" probability (without other preliminary knowledge) that a system which is found in state 7) at t = 0 was found at t = --r in state ~ . 1 l The " retrodictive " statevector U(-r, 0) 7) which appears in eq. (2 ·10) is a solution of the Schrodinger equation with the final condition that it should become 7) at t= 0. Partiality, or rather inconsistency, of those metaphysically inclined physicists was pointed out/l who attribute " physical reality" *) This statement is true without qualification in the Schrodinger picture. A more general statement will presently be presented.
only to the predictive state-vector between two observations. If coexistence of two different "realities" (predictive and retrodictive state-vectors) is irreconcilable with their philosophy, they should rather abandon their metaphysical principle.
It should be noted that the backward development of the state-vector in eq. (2 · 10) as given by
is the same as the forward development of ¢ 2 -vector which starts from 1} at t= 0, for (2. 12)
In other words, ~2 (-r) represents a retrodictive state-vector at t= -r. Now, reversibility of physical phenomena means that the probability of a system at present in ~ being found r seconds later in 7) is equal to its reversed probability, i.e., the probability of a similar system at present in the reversed state RT 7)* of 7) being found r seconds later in the reversed state RT ~* of ~. The first probability is given by eq. (2 · 9) while the second is given by
This probability Pu is equal to P 1 of eq. (2·9), for it follows from eq. (2·2) with Q=
The reverse probability P,~ of eq. (2 ·13) can be expressed in a much simpler form in terms of ¢ 2-vectors. If we apply the aforementioned theorem which states equality of P1 and P2 to the probability in eq. ( 2 · 13), we obtain (2. 15)
Denoting by ~2 and 1}2 the ¢ 2-vectors corresponding S the ¢ 1-vectors ~ and "1}, we can rewrite eq. (2·15) as (2. 16) where V, as introduced in eq. (2 · 7), is the transition matrix of the ¢ 2-vectors. Eq. (2 · 16) shows an exact parallelism with eq. (2 · 9), and both probabilities are equal provided reversibility exists. Thus we are led to use either the ¢cvector or the ¢ 2-vector as an equally u~eful instrument to calculate the transition probability which is the ultimate measurable quantity testing a theory.
If ¢ 1 (t) and ¢ 2 (t) are connected by eq. (2·1), then we have (2 ·18) wherever we use Q1 (t) in the if'crepresentation. This situation at first glance seems to cause a difficulty, for the hamiltonian for ¢'2 (t) in eq. (2·6) is
which contradicts eq. (2 · 18). To circumvent this difficulty, we can devise two alternativr. prescrtptlons. The one possibility is to divorce the concept of hamiltonian as the genera· ting function of the SchrOdinger equation from the concept of hamiltonian as the energy operator, the former for ¢'2 being -p 11H ( -t) while the latter for ¢'2 being
TheotheralternativeistouseQ 2 (t)=-p11 Q1 (-t) consistently and to say that the actual expectation value in ¢'2 is equal to the negative of (¢'2 (t), Q2 (t)¢'2 (t)).
The next step in the DIV-method is to incorporate ¢'1 and ¢'2 in the same system of equations, i.e., we introduce the double state-vector r/J defined by (2. 20) whose time-development is governed by
In the first prescription, the physical quantity must then be
The expectation value in r/J ( t) will be
if the same state is expressed simultaneously by the if'rpart and ¢' 2 -part. It will be
if a state should be expressed either by if'cpart or ¢'2-part. The fact that H(t) in eq. (2 · 21) as the generator of the SchrOdinger equation is different from the energy operator as defined by eq. (2 · 22) cannot be considered as any internal contradiction, since the entire scheme, in the form so far developed, is nothing more, or nothing less, than the ordinary quantum mechanics. If, however, we start to consider matrices that mix (not merely interchange) ¢' 1 and ¢' 2 , the situation will become different. It is easy to see that if r/J (t) 1s a solution of the Schrodinger equation with hamiltonian given in eq. (2 · 21), then ¢/(t)=(~ ~)r;(-t) (2. 25) is also a solution, and that (2. 26) showing that '/'' (t) represents the time-reversed. process of '/J (t). The operation of timereversal is thus a linear transformation and its reiteration is the identity transformation.
According to the second prescription, the physical quantity will be expressed by
(2. 27)
In this case, the expectation value can be given by The DIV-method, however, can be used in any picture. § 3. Structure of Dirac equation
It will be shown in this section that the relation that Dirac's 4-component spinor theory has to the 2-component theory of spinning electron is precisely the relation that the DIV-method has to the ordinary quantum theory.
It should first be noticed that in the 2-component theory with spin matrices o-n a- The hamiltonian given in eq' ( 3 · 4) can be diagonalized by _the transformation matrix T given by T=T=T_1 _ The hamiltonian becomes H=( ~ -~ ), (3 ·11) while the transformed n/ and tc 1 are the same as their original forms 7r; and tc given in eqs. (3·6} and (3'·7}.
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As we can write tc 1 = (1/p) (n/ s/) with
we may interpret this latter quantity as the spin vector. It is true that if we decompose tc before the transform~tion by T into p; and S; and then transform this s; by T, we shall obtain an operator different from eq. (3 ·12) and uncommutable with H of eq. (3 · 11).
This situation, however, will not interfere with the following argument. It should, however, be noted that the quant1t1es thus far considered, viz., H, 71:;, and s;, are all " mechanical " in nature, i.e., quantities which do not change their sign by charge conjugation, or symbolically Pc= + 1. 5 > There are at least two "electric" quantities (i.e., Pc = -1) which commute with the hamiltonian and the linear momentum.
One is the magnetic moment p. 1J(t)=2J(aJ..a) .e +bJ.f3J.e ).
(3·19)
According to the positron theory, the a's and the Ws should be connected by** (3. 20) where K is the charge conjugation matrix in theE-system. In the representation in which It should be noted that if we use ei" R instead of R the combination R.~1 J?..iz' is not affected.
If we take the point of view of quantized fields, we obtain* R/ RJ=Ll.
If we take the one-particle viewpoint in the two-component theory, we getJ> R 2 -1 Rt=u 2 -1 ut=-1, (3. 27) (3. 28) which is obviously in agreement w1th eq. ( 3 · 2 7) , for eq. ( 3 · 28) refers to one particle. If we take the one-particle viewpoint in the four-component theory, we have** o )tP*-Rf ¢*. 
with (Q(t) )= (rp(t), Q(t)(/J(t)), (4·2)
where Q(t) must be taken from eq. (2 · 27), in which Q(t) now is a field theoretical one, i.e. something of the nature of eq. (3.24) .
The super-state vector (jJ' ( t) will develop in time with the Schrodinger equation with the hamiltonian :
where H(t) should be taken from eq. Analogously to the fact that in the positron theory there occurs no electron-paircreation in the absence of phc.J:ons, there is no danger of a pair-creation of ensembles in the superquantized theory, for there is no entity here corresponding to the photon, or any other interacting particle, which provides the necessary energy.
The quantities considered in eq. (2 · 27) are all "mechanical'' in respect to the supercharge, or for brevity, supermechanical. A more general definition of physical quantities will be (4 ·6) where Psc = + 1 for supermechanical quantities and Psc= -1 for superelectric quantities.
The simplest example of a superelectric quantities is Q=c ~ ~) (4· 7) measuring the total supercharge, which is a constant of motion. 
o R 1
The double time-reversal is here
F(t)~c g ~ )lF(t).
The supercharge-conjugation IS given by In order that this transformation may have the desired effect, 1F has to obey anitcommutation rules.
Finally, the combination of time-reversal and supercharge-conjugation results in fP(t)~R'TJf*(-t),
with (RI-1 ~(t)R'V=c ~ ~ l( -t).
This corresponds to the time-reversal considered in the original DIV-method. The interchange of the first and the second parts of ~ causes the sign-change of superelectric quantities, but it serves the purpose of time-reversal for the ordinary (supermechanical) quantities. If the supercharge is in principle unobservable, then this transformation, which is linear and whose reiteration is an identity transformation, is a suitable representation of time-reversal.
By the DIV-method in its superquantized version, as sketched in this section, the cases in which the original hamiltonian has negative energy levels of fields can be treated without giving rise to negative expectation values of energy and without causing any new inconsistency. Besides this positive advantage, the method may be credited for its esthetical merit of having better symmetry. A novel situation, which does not exist in the ordinary theory, will appear if one introduces operators which cannot be simultaneously diagonalized with H 0 in a two-two-matrix form. For a successful application of the method developed in the present paper to involved problems of the field theory, a further refinement of the details may be necessary, but it is hoped that the idea presented here may suggest a new path of approach in this domain of quantum theory.
